In quantum theory it is generally assumed that there exists a special state called the vacuum state and that this state is a lower bound to the energy. However it has recently been demonstrated that this is not necessarily the case for some situations [5] . In order clarify the situation we will consider a "very simple" field theory in the Heisenberg picture consisting of a quantized fermion field with zero mass particles in 1-1D space-time interacting with a classical electrical potential. It will be shown that for this example there is no lower bound to the energy.
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Introduction.
In quantum theory it is generally assumed that there exists a special state called the vacuum state and that this state is a lower bound to the energy. That is, no state can have a value of energy that this less than that of the vacuum state. However it has been shown by the author that this is not necessarily the case for some situations. For example it can be easily shown that in Dirac's hole theory there exist states with less energy than that of the vacuum state [1] [2][3] [4] . It has also been recently demonstrated that for quantum field theory in the Heisenberg representation there are states with less energy than the vacuum [5] .
In order to clarify the situation we examine a "very simple" field theory in the Heisenberg picture. The field theory will consist of a quantized fermion field consisting of non-interacting fermions with zero mass. This fermion field will interact with a classical potential in 1-1D space-time. The advantage of this formulation is that it is possible to obtain exact solutions to the equations of motion. It will be shown that for this field theory there is no lower bound to the energy.
In the Heisenberg picture the state vectors Ω are constant in time and the time dependence of the quantum state is carried by the field
where z is used to represent the space dimension. This is in contrast to the Schrödinger picture where the field operators are constant in time and the time dependence goes with the state vectors. Both pictures are presumed to be equivalent, however this assumption has been challenged by P.A.M. Dirac [6] [7] . Some differences between the two pictures are also discussed [8] . In the rest of this paper we will focus solely on the Heisenberg picture. 
The Heisenberg picture.
As was stated in the Introduction we will assume that the electrons have zero mass and are non-interacting, i.e., they only interact with an external electric potential. In addition we will work in 1-1 dimensional space-time where the space dimension is taken along the z-axis and use natural units so that 1 c = = . This allows us to simplify the discussion and avoid unnecessary mathematical details. In this formulation an exact solution to the equations of motion is readily achieved as will be shown in the following discussion.
In the Heisenberg picture the field operators evolve in time according to the Dirac equation (see Chapt. 9 of [9] or Section 8 of [10] or Ref. [5] ). For 1-1D space time the Dirac equation can be written as,
where the Dirac Hamiltonian is given by,
where 0
H is the Hamiltonian in the absence of interactions, ( ) , V z t is an external electrical potential, and q is the electric charge. For zero mass electrons the free field Hamiltonian is given as, If the electrical potential is zero then the energy of a normalized state vector Ω is given by,
where R ε is a renormalization constant which is normally defined so that the energy of the vacuum state is zero. Since this is the energy when the electric potential is zero we will sometimes refer to it as the free field energy. The question we want to address is whether or not there is a lower bound to the free field energy. The way we will determine this is as follows. At the initial time 0 t = the electric potential is zero and the system is assumed to be in the initial unperturbed state. In this initial unperturbed state the field operator is defined by 
Use (2.1) along with (2.2) and (2.3) to obtain,
Integrate by parts to obtain,
Now, in order to continue this analysis, we need to solve the Dirac equation (2.1). The solution of (2.1) can be easily shown to be, 
where, 
Therefore at time f t the free field energy is given by, 
